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|
ELECTROMAGNETIC FIELD
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taking curl of first equation, reveals a wave equation
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ELECTROMAGNETIC FIELD

202

E.(x,t) = <> v g(t) sin(kx).

Veo

B,(x,t) = (“’060) <2w2 ) . g(t) cos(kx).

k Veo

1
Energy = 3 / dv (eoE(r, t)-E(r,t) +
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FACTORIZATION

R 1 ( . a

a = wqg -+ 1 )
o q q

sto= 2 (wa—/a)
2hw

that leads to

and electric field appears as

E,(x,t) = \/Z (é(t) + éT(t)> sin(kx).
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LADDER OPERATORS

that yields

therefore

1
E, = —
hw<n+2>
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BOHR ATOM
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|
BOHR ATOM

excited state |e), with energy E, = fiwe, such that Hale) = hwe|e)
ground state |g), with energy E; = hwg, such that Halg) = hwg|g)
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|
BOHR ATOM

excited state |e), with energy E, = fiwe, such that Hale) = hwe|e)
ground state |g), with energy E; = hwg, such that Halg) = hwg|g)

Weg = We — Wg
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BOHR ATOM

hence
Ha=1-Hy-1

FAa=(lg)gl +le)el) Aa(lg){gl +le){el)
Fa = hwglg)(g] + hwele) (el
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ATOM FIELD RESONANT INTERACTION
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ATOM FIELD INTERACTION
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e = —d - E(x, t)
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ATOM FIELD INTERACTION

y /:;\: \\\| e>
(\ - /)lg>
.

Hine = —d - E(x, t)
A:w—wegzo W = Weg
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|
ATOM FIELD INTERACTION

where
d = 1.d-1
= e(lg) (gl +le){el)r(lg) (gl + |e){el)
= degle)(g| + dglg) (el
= dga +d o
= deg(o" +0)
such that

T _
ol =le)(g] o =lg)(e
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|
DIPOLE AND ROTATING WAVE APPROXIMATIONS

o

hence
Hipe = —d-E(x,t)
= (o 4 0)(a" + 8)
= —hu(o'a" +od" +o'a+03)
—hu(cd" 4 o'4)
where
o deg ’ ezEO
H= 7
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|
HAMILTONIAN OF ATOM-FIELD SYSTEM

™

We write the Hamiltonian of the system A as,
A = FIF+f:/A+/:/;nt
~ 1 A A
A= (134 3) + hgledlel + hele)el — 8- Elx 0

g) + hwele) — hu(oat + o'3)

1
= hw (5*5 + 2) + hwg

For a resonance between field frequency w and transition frequency
Weg = We — Wg, We have the interaction Hamiltonian

,:I/ — eiHot/ﬁHinte—iHot/h — hM(O'é\T + O'Té\)
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We write the Hamiltonian of the system A as,
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~ 1 A A
A= (134 3) + hgledlel + hele)el — 8- Elx 0

g) + hwele) — hu(oat + o'3)
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= hw (5*5 + 2) + hwg

For a resonance between field frequency w and transition frequency
Weg = We — Wg, We have the interaction Hamiltonian

,:I/ — eiHot/ﬁHinte—iHot/h — hM(O'é\T + O'Té\)

W(t)) = e ™"|w(0))
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|
GENERAL SOLUTION for A =0

For an initial condition
W(0)) = [Va)®[VE)
= (1g(0)lg) + ve(0 ®an|

Hence we obtain

V() =D (Vgn(t) g, n) + ven(t) e, )

n

where
e n(t) = cos(Qnt)then(0) — isin(Qnt)tg nt1(0)
Ygn(t) = —isin(Qnt)en(0)+ cos(Qnt)hg nt1(0)
where Q, = pv/n+1 and = d Ey/h
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EXEMPLE
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|
EXAMPLE

(W(0)) = [e) ®0)
evolves in time as
[W(t)) = ¥g1(t) g, 1) + Yeo(t) e, 0)

where

eo(t) = cos(Qot)
wg,l(t) = —iSin(Qot)

where Qo = p is vacuum Rabi frequency, and
|W(t)) = cos(Qot) |g,1) — isin(Qot) |e, 0)
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|
EXAMPLE

|W(t)) = cos(Qot) |g,1) — isin(Qot) |e, 0)
where
|(¢e,0(t)|2 — cosz(Qot) = %(1 + cos 2Qqt)
[Wga(t)]> = sin®(Qot) = %(1 — cos 2Qot)

where Qo = p is vacuum Rabi frequency.

(OEELINIRIWHISGTN] Engineering Entangled States in Cavity QED September 10, 2019 18 /55



Engineering Entanglement
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Engineering Entanglement

* Schroedinger (1935)

* Einstein Podolsky and Rosen (1935)
EPR states

'E. Schroedinger, Proc. Camb. Phil. Soc. 31, 555 (1935); A. Einstein, B. Podolsky,
N. Rosen, Phys. Rev. 47, 777 (1935).
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Engineering Entanglement

* Mathematically: Non-factorizable
states

* Physically: Correlations between
parties

* Technologically: Quantum channels

2E. Schroedinger, Proc. Camb. Phil. Soc. 31, 555 (1935); A. Einstein, B. Podolsky,
N. Rosen, Phys. Rev. 47, 777 (1935).
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EXAMPLES
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|
ATOM-FIELD ENTANGLEMENT

o >
>

|W(t)) = cos(Qot) |g,1) — isin(Qot) |e, 0)
where

|(¢e,0(t)|2 — cosz(Qot) = %(1 + cos 2Qqt)

. 1
[Wga(t)]> = sin®(Qot) = 5(1 — cos 2Qot)

\
\ /
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ENTANGLEMENT OF TWO CAVITIES IN SAME MODE

,.,\\Ie>
: ‘ */ﬂg>
C
V(1)) = 7(Ie 0) + g, 1)) ®0)

7

3L. Davidovich, N. Zagury, M. Brune, J.M. Raimond, and S. Haroche, PRA50, R895
(1994)
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|
ENTANGLEMENT OF TWO CAVITIES IN SAME MODE

y-O -
\\\V . //Ig> \\\7 - 7/‘
C, C,

Interaction of the atom with the second cavity (; for an interaction time
2Qpto = m leads to caviti-cavity entanglement as

1 .
V(t2)) = |g) @ 5(1,0> +¢€'7]0,1))
4
*L. Davidovich, et al, Phys. Rev. A 50, R895 (1994)
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|
ENTANGLEMENT BETWEEN TWO ATOMS

’//:., >\\|e>
(\\7 = //lg>

\/

W(t1)) = —=(le1,0) + €%lg1,1)) @ |g2)

1
V2

®|. Cirac and P. Zoller, Phys. Rev. Lett 72 (1994)
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|
ENTANGLEMENT BETWEEN TWO ATOMS

Interaction of the second atom, initially in ground state |g») with the
cavity for an interaction time 2Qgt> = 7 leads to atom-atom entanglement

W(n)) = [0) @ é(el,g» 1 e|gy, )

6
®]. Cirac and P. Zoller, Phys. Rev. Lett 72 (1994)
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|
ENTANGLEMENT B/W TWO CAVITY FIELD MODES-I

M, M,

° |e>
|g>

1

\/§(|e7 0> + eitp‘g? 1>) ® ‘02>

W(t1)) =

TA. Rauchenbeutel, P. Bertet, S. Osnaghi, G. Nogues, M. Brune, J.M. Raimond, and
S. Haroche, Phys. Rev. A 64, 050301 (2001)
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ENTANGLEMENT B/W TWO CAVITY FIELD MODES-I

M, M,

° |e>
|g>

1

\/§(|e7 0> + eitp‘g? 1>) ® ‘02>

W(t1)) =

8A. Rauchenbeutel, P. Bertet, S. Osnaghi, G. Nogues, M. Brune, J.M. Raimond, and
S. Haroche, Phys. Rev. A 64, 050301 (2001)
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|
ENTANGLEMENT B/W TWO CAVITY FIELD MODES-I

M, M,

° |e>
|g>

V(t2)) = |g) ® ) +¢€)0,1))

1
\E(H,O

°A. Rauchenbeutel, P. Bertet, S. Osnaghi, G. Nogues, M. Brune, J.M. Raimond, and
S. Haroche, Phys. Rev. A 64, 050301 (2001)
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|
ENTANGLEMENT B/W TWO CAVITY FIELD MODES-II

M, M,

A=
V(1)) = \2(|e1> + le2)) © 04, 05)

10
M. Ikram and F. Saif, Phys. Rev. A 66, 014304 (2002)
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ENTANGLEMENT B/W TWO CAVITY FIELD MODES-II

L (ler) + [e2)) @ |04, 05)

W(0)) = 7

[W(t)) = (C10l1a,08) + Co,1104,18)) @ |g)

C1,0 = sin(gat)
Co,1 = sin(ggt)

sin(gat) = sin(ggt)
tA:nﬂ'/gA, tB:mﬂ/gB

n and m are odd integers

[W(t)) = 7( |14,08) +104,15) ) ® |g)
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|
ENTANGLEMENT B/W TWO CAVITY FIELD MODES-II

M, M,

=
o~
e
W(t) = k( 114.08) + 04, 18)) © |g)

12
12M. Ikram and F. Saif, Phys. Rev. A 66, 014304 (2002)
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|
OFF-RESONANCE INTERACTION

In far-ff resonance or dispersive regime we consider

A>pvn+1

hence in secular approximation we consider that

e
ot 0,

the

ox2 0,
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|
OFF-RESONANCE INTERACTION

In far-ff resonance or dispersive regime we consider
A>pvn+1

hence in secular approximation we consider that

e
=0
ot ’
82
ve o
Ox?
Hence, the atom evolves in its ground state with effective Hamiltonian
P2
H= o + hQg a'4070 (cos 2kx 4 1) (1)

where Qr = ;ﬂ/A, and A = w — weg.
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OFF-RESONANCE INTERACTION
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|
BRAGG SCATTERING

If pin = lohk/2 denotes initial atomic momentum,
Momentum conservation requires

Pout = Pin + Ihk

Ip is an even integer and represent the order of Bragg diffraction
Pout is the atomic momentum after / interactions with the cavity field.
Energy conservation requires that

|pin|2 _ |pout|2

2M 2M
we obtain resonance condition for Bragg regime, that is
h*kc =0
2M
This equation has only two solutions: / = 0, corresponds to undeflected
atomic beam; and | = —/y, which corresponds to deflected beam.
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|
BRAGG SCATTERING

W(t=0)) = [Va) @ VF) = [Pypp) @ n)
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|
BRAGG SCATTERING

W(t=0)) = [Va) @ [VF) = [Ppy) @ n)
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|
BRAGG SCATTERING

W(t=0)) = [Va) @ [VF) = [Psp) @ |n)

after an evolution over time t, yields

’\U(t» = Cn,+/0(t)|P+/o7 n> + C,,7,/O(t)’P,/O, ”>

where

1
C,(,J)i/o( t) = e At [C,(,J)i,o(O) cos <2Bnt> + ¢V j)FIO(O)sm < B tﬂ
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0 =2,
Ap = ,
(xn/2)
_w,e:((/o—z)(z) lo # 2.
and
xn =2,
|Bn| = ( )10/2
XN o # 2.

(200rec) 077 () —2)(lo—4).4.27
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|
BRAGG SCATTERING

i
W(t=0)) = [Va) @ [VF) = [Pyp) ® \2 (10) +11))

after an evolution over time t, yields
V(1)) = Coto(D)P1so; 0) + Comig (8)[ P, 1)
for first order Bragg diffraction, that is [y = 2.
[Coso(£)2 = cos? ()
|C,,7_/0(t)|2 = sin® (Qnt)
If 2Q1t = 2xt = 7/2, where x = Q2/2A is effective Rabi frequency

W(t) = %um,m 1P 1)

(OEELINIRIWHISGTN] Engineering Entangled States in Cavity QED September 10, 2019 41/55



ENTANGLEMENT OF TWO MOMENTUM STATES

).

_ 1

V(e=0) = 7

(10) + 1)) @ [Prip) ® [P-py)

13

BA_ Khalique, F. Saif, Physics Letters A 314, 37-43 (2003)
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|
ENTANGLEMENT OF TWO MOMENTUM STATES

. PP h| g

H = + e alond cos 2/, +1 '
oM M 2A lelz ¢ ) \ /

7 N
P . Y
%()) = ﬁ{Pj,}; P2Y[0)+e7? [PY PO 1)} ¥
Probe Atom in ground state and Ramsey Field
|lP(T)> \/—{ Pfl},), P52)>+€71¢’P(1) P+([ZU)>} %317:% s = odd integer
@ =2s7mA,/B,

14

1A Khalique, F. Saif, Physics Letters A 314, 37-43 (2003)
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|
ENTANGLEMENT OF TWO MOMENTUM STATES

1 —i 1
(o) =5 {1P%, P20 +e71pY), PA 1)) o lg)
resonant interaction for an interaction time 2Qrt = 7, yields
1 —i 1
() = 10)© 5 {1PE), P2, g) + ei#lP0), P2 )}
Using a 7/2-pulse , we generate superposition state of the internal state as

g) — é(|g> tle) o) — 2(|g> )

1 —1
wie) = —={IP, PR +e 1P PO @ lg)

V2
pW P_/0> _ —/@’P( -(l-/o>} ® |e)

+ \[{‘ +lo’
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|
ENTANGLED CLUSTER STATES

-)JIBg> B>
@)= {lep) e pes) N /
oo =35 {22 +[ . 22) \Ix
e = gl )-Jees)
. B>
@)= [Pl p ) b
|I.’zu> ‘E(?

15

5A. Khalique, F. Saif, Physics Letters A 314, 37-43 (2003)
Engineering Entangled States in Cavity QED September 10, 2019 45 /55



ENTANGLED CLUSTER STATES

(B> B, > (B> B>

16

18] Rameez, A. H. Khosa, F. Saif, J.A. Bergou, Quantum Inf Process 12:129-148
(2013)
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ENTANGLED CLUSTER STATES

re I, 2> IB,>

17

17| Rameez, A. H. Khosa, F. Saif, J.A. Bergou, Quantum Inf Process 12:129-148
(2013)
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|
ENTANGLED CLUSTER STATES

[®(0))= #ﬁugﬂp{;n>+‘1j’P};)>]®i£—,m>
J=

18

'8]. Rameez, A. H. Khosa, F. Saif, J.A. Bergou, Quantum Inf Process 12:129-148
(2013)
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|
ENTANGLED CLUSTER STATES

Step I. Resonant Interaction of with cavity 1

gr'tl:%
|‘P(t )> I|0> H g® P(”> ‘e(” Py ]® ! HO P(z’ |12,P(2) ]®|g(2’>

19

'9]. Rameez, A. H. Khosa, F. Saif, J.A. Bergou, Quantum Inf Process 12:129-148
(2013)
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|
ENTANGLED CLUSTER STATES

Step Il. Off-Resonant Interaction of atom-1 with cavity 2

e*iﬂ{(ﬁl)\@(ff\*n\g><g\}f , > where s=e,g u=g./A
e—mknﬂﬂ@@%ﬂgﬂgﬁlo7g> =|0,g)
e—l’;{( +1)]e)(el-nlg) (g} |1 g -uﬂ‘l g>
efw{(m)e?r(elfn\g}(g}r‘o, e)=e0,e)
ewmwﬂﬁwhwhézeﬂﬂhé
O 0 pA\_ -] 50 g Y p p@)
1 g7,0,)| R, BT )—ie ,0 , P _
“{l(tz»:i‘ol) ‘ » >| 0 > >| > ®|g(2)>
+e™

Nlpa) }:u>> je | g

e 1 N191> Ipu)>

20
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ENTANGLED CLUSTER STATES

Step Ill. Resonant Interaction of atom-2 with cavity 2

g, = %

‘g(l) _(2)>‘P(” (2)> e 1
52 1 2 =2i)
g0,e¢ )>|Po()’P-(2)>_e sty

1 0 —(2)>|P(1) p(2)>
¥ () = 5|01,02) e e(l),é(2)>|P_2”,P—(22)>

21

1. Rameez, A. H. Khosa, F. Saif, J.A. Bergou, Quantum Inf Process 12:129-148
(2013)
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|
ENTANGLED CLUSTER STATES

The first atom interacts with the second cavity in dispersive regime,

that is off-resonantly for time of interaction ut, = 7/2
we find

—jeTit = _jemim/2 — _q
—jetit = _jeti™2 — 11
—2ipty __ —iT __

—e =—e "=+41

(OEELINIRIWHISGTN] Engineering Entangled States in Cavity QED September 10, 2019 52 /55



|
ENTANGLED CLUSTER STATES

|\P(33)>=

[

(Departmen

‘ §> Hadamard

sy

1
V2
= Hadamard L
B; NG

‘—(n —m) {‘135(1’,}%{2)>—‘13’_g’,1%(2’>+‘R,“’,P(2’ P(” P(Z) }

+5|§m,§m)®{|Pgl),,;-nfz)>+|g2n,%(2)) PO, PD)+|PY, P(2)>}

+%|ém,gm> {|P“’ sz)> |P“’ P‘“) ‘P“’ Ptzu |P“’ P(2)>}

_%‘§f1:,§(2)>® {_|Pu(1),ﬂltza>+|P_{i)’1;afzr>+|E](I1,P_(22})+‘P_gl,};_t§u }}
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Conclusions

@ We can use atom field interaction in resonant regime and off-resonant
regime to develop entanglement in cavity QED
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develop quantum networks
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Conclusions

@ We can use atom field interaction in resonant regime and off-resonant
regime to develop entanglement in cavity QED

@ We developed CAVITY-CAVITY Entanglement, ATOM-ATOM
Entanglement, INTER-MODE Entanglement, INTER-ATOMIC
MOMENTUM STATES Entanglements which can be enhanced to
develop quantum networks

@ We can extend these techniques to engineer other entangled states
such GHZ states, Cluster States, NOON states and W-states.
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