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Quantum sensing and metroloay: the
Quantum Cramer-R.a0 Bound and BReyond

B ®Basic tdeas about measurement and estimation

B cloccical estimation theory

B uantum estimation theory and the Cramer-rRao
bound to Prealsiow LA guantum m&trol,oga

B ESxamples of applications

B cuantum scwsiwg and vwetrotoga beg)ovwl the
Cramer-Rao bound



B Measurement and estimation




Bl Measurement and estimation

DO WE MLEASUYE phgsiom quantities?



Bl Measurement and estimation

Ov perhaps we are mostly estimating them?



B Measurement and estimation




Bl Measurement and estimation

B divect measwrencents

u ndirect measurements

d—) influence on a different quantity

S)\ W ' X xz(ml,:cz,...)

B choice of the measurement p(fE ‘ )\)

B choice of the estimator XA /X T f (X)



Bl Measurement and estimation

B 2alobal estimation theory
(Whew you have wo a priort tnformation)
Look for a measurement which is optimal in average
(over the possible values of the parameter)

B local estimation theory
(Whew you have some a priort information)
look for a measurement which s optimal for a
specific value of the parameter (better, but...)



I local estimation theory: Cramer - Rao bouwnd

B variance of unbiased estimators

P a3

Var [)\] >

B M ->number of measurements

B F -> Fisher information

FO) = [dzp(a|

1
MF())

a,\ 10g p(SE|)\)




I local estimation theory: Cramer - Rao bouwnd

The proof of the Cramer-Rao round is ORtained By OBserving that aiven two
functions fi(z) and f3(2) the averace

(f1, f2) = /da:p@w f1(@) fol)

defines a scalar product. Upon chosing fi(z) = A(z) — X and fa(z) = ) Inp(z|)\) we have

| f1]]? = Var(X)
| f2]|> = F(X)
Ji,f2) =1

T1,T2,...,T) INdependent we have p(xi, x2, ..., T |A) = H;jcw:1 log p(zk|A) and, In tum,

Fy (M) = /da:l...da:M p(x1,x2, ..., zpr|A) [OxInp(x1, 2o, ...,a:M|)\)]2

= M [dz p(z|)\) [0x1np(z|\)]? = MF()) .



i Ooptimal estimation scheme (classieal)

S, \—> ' X  x=(r1,x0,...)

o, X — A= f(x)
Vary[A| > ME(ON)

L OptimaL measurement -> maximum Flsher
(no recipes on how to finad it)

B Optimal estimator -> saturation of CR Lnequality
(e.0. Ba gesiaw or MaxLLk asy mptoticaLLg)



B Quantum estimation
® \what about time and temperature tn quantum mechanics?

® 1he "resources” involved in gquantum-enahnced technology
are entanglement, wownloca Litg, entropy, interferometric
phase-shift, ete.. n general they are not observable quantities
Ln strict sense (do not correspond to a selfadjoint operator)

@ No correspondence principle

® No uncertainty relations



B Quantum estimation
® \what about time and temperature tn quantum mechanics?

® 1he "resources” involved in gquantum-enahnced technology
are entanglement, wownloca Litg, entropy, interferometric
phase-shift, ete.. n general they are not observable quantities
Ln strict sense (do not correspond to a selfadjoint operator)

ruUuantum
estimation
th eory



Bl uantum estimation

W AN ' {H-’B}azeX

(%1, 22, . .)

B Optimal measurements

B ultimate bounds to precision



Bl uantum estimation

W AN ' {Haz}mex

(Z1, T2, .)

B Probability density p(:{;‘)\) — 'IT [QA Ha:]



B Let's go quantum (Local) (1)

W AN ' {Hw}xEX

(1, 22,...)

W probability density p(;p‘)\) — 1T [Q)\ Ha:]

B sywm. log. derivative (stp)  Laox +oala _ doa
2 O\

selfadjoint, zero mean. Tt [py Ly| =0

Re (Tr [oAIL, Ly])*

B Fisher information F()\) = / dx
( ) TT[QAH:B]



B Let's go quantum (local) (2)

2

F()\) P /d:l: Tr[QAHa:LA] parameter
- V/ Tr[oaIl;] | independent POVM

B oI 11
_/dx Tr T [oIL] \/II—Q;L,\\/Q_)\

Helstrom 1976
Braunsteln § caves 1994

£ /de Tr ([T, Lxox L]

= Tr[LaorL)] = Tr[osL5]

@ Fisher ve uantum Fisher

F()\) < H()\) — TI‘[Q)‘LE] — TY[@)\Q)\L)\]

o
ulttmate bound on preoisiow Var()\) > Mf;(/\)




Bl Optimal estimation scheme (gquantum, Local)
Mj\ N 9 ' {Hx}a:EX
(1, z2,...)

[ ] OptimaL measurement -> Flsher = quantum Flsher

It Ls projective! The spectral measure of the SLD

B Optimal estimator -> saturation of CR Lnequality
(classical postprocessing, e.g9. Bayesian or MaxLix)

X — A= f(x)



B ceneral formulas (basis indepedent)

Lo + oxLx _ dox
W AN . A\

Lyapunov 6quatiow

@ sywmetric logarithwmic derivative

@® Ruuantum Fisher lwformatiow

H(\) = 2/ dt Tr [Oxpx exp{—oxrt} Oxox exp{—oat}]
0



B ceneral formulas

O FamiLH of quantum states f\/\i\ N —> .
O\ — Z inwn> <¢n|

® sywmwmetric logarithmic derivative

L=Y" a*gplwp gl +2 3 LR 0 o) (i

p n;ém

® uuantum Flsher lwformatiow

8 n Ym 2
H) = AQP o 3 nmem)” o)

~_ - e On + Om




B ceneral formulas

O FamiLH of quantum states Mj\ N —> .
O\ — Z inwn><¢n|

® sywmwmetric logarithmic derivative

8 n - Ym
L= = 2lp)(pl +2 3 B P (Ym[0a0n) [9m) (¥

P Op n#m

® uuantum Flsher lwformatiow

1 - F )

e—0 62




B Applications

RuUantum !wter(:erometrg

Estimation of Gaussiaw states and operations
coupling constants (e.g. nonlinear tnteractions)
wave function of finite-dimensional systems
Estimation of entanglement (and discord)
Estimation tn quantum critical systems

@ /\ssessing quantum probes for complex systems
® Assessing quantum resources L metrology

® Assessiing local vs global measurements

® Assessing eritieality as a resource tn metrology

Probing quantum phase transitions
Probing Hamiltonian terms
New physics at gravity/@M interface



Bl Estimation of entanglement (@INRIM)
9g) = cos o|HH ) + sin ¢p|V'V)
Dy = cos* g|HH)(HH| + sin® ¢|VV)(VV|

Argon laser

0c = P|Vg)(Vg| + (1 —p)Dy

optimaL estimation ba vLsibLLLtg MLEASUYEMLENES

Fisher tnformation is X
, <€e>

mownotone with entanglement |

1.0-

o.5f

Estimation of entanglement s
iwherewtl,g ineffictent

0.1 03 05/ 07 009
_0.5|
—1;@1

PRL 104, 100501 (2010) PHYSICAL REVIEW LETTERS 12 MARCH 2610

Experimental Estimation of Entanglement at the Quantum Limit

Giorgio Brida,' Ivo Pietro Degiovanni,' Angela Florio,"* Marco Genovese,’ Paolo Giorda,” Alice Meda,’
Matteo G. A. Paris,™” and Alexander Shurupov®™'’



Quantum probes for complex systems

A

p(T, A)

.

Maximizing the extraction of information
by optimizing the preparation of the
probe, the interaction time and the
measurement at the output.




Quantum probes for complex systems

Quantum probes for the cutoff frequency of Ohmic environments

Claudia Benedetti,! Fahimeh Salari Sehdaran,? Mohammad H. Zandi,? and Matteo G. A. Paris!
YQuantum Technology Lab, Physics Department, Universita degli Studi di Milano, Milano, Italy

2Faculty of Physics, Shahid Bahonar University of Kerman, Kerman, Iran PRA 97 ’ 012126 (20 1 8)

Quantum thermometry by single-qubit dephasing

Sholeh Razavian,! Claudia Benedetti,> Matteo Bina,> Yahya Akbari-Kourbolagh,®> and Matteo G. A. Paris>*

Faculty of Physics, Azarbaijan Shahid Madani University, Tabriz, Iran
2Quantum Technology Lab, Dipartimento di Fisica, Universita degli Studi di Milano, 1-20133 Milano, Italy

3Faculty of Physics, Azarbaijan Shahid Madani University, Tabriz, Iran
‘INFN, Sezione di Milano, 1-20133 Milano, Italy Eur. Phys. J. Plus 134,284 (2019)
Quantum metrology out of equilibrium

Sholeh Razavian!-?, Matteo G. A. Paris!»3 Physica A 525, 825 (20 1 9)

1 QCSE School, Villa del Grumello, I-22100, Como, Italy
2 Faculty of Physics, Azarbaijan Shahid Madani University, Tabriz, Iran
3 Quantum Technology Lab, Dipartimento di Fisica ’Aldo Pontremoli’, Universita degli Studi di Milano, I-20133 Milano, Italy

Universal Quantum Magnetometry with Spin States at Equilibrium

Filippo Troiani"" and Matteo G. A. Paris®"'
! Centro S$3, CNR-Istituto di Nanoscienze, 1-41125 Modena, Italy
>Quantum Technology Lab, Dipartimento di Fisica dell’Universita degli Studi di Milano, I-20133 Milano, Italy

3INFN, Sezione di Milano, 1-20133 Milano, Italy
PRI 120, 260503 (2018)

M (Received 2 November 2017; published 29 June 2018)



Quantum probes for complex systems

Continuous-variable quantum probes for structured environments

Matteo Bina,!'” Federico Grasselli,>! and Matteo G. A. Paris!-3
YQuantum Technology Lab, Dipartimento di Fisica, Universita degli Studi di Milano, I-20133 Milano, Italy
2Institut fiir Theoretische Physik III, Heinrich-Heine-Universitiit Diisseldorf, D-40225 Diisseldorf, Germany

3INFN, Sezione di Milano, I-20133 Milano, Italy PRA 97.012125 (2() 1 8)

The walker speaks its graph: global and

nearly-local probing of the tunnelling

amplitude in continuous-time quantum

walks J. Phys. A: Math. Theor. 52 (2019) 10530

Luigi Seveso®, Claudia Benedetti®® and Matteo G A Paris

Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli,
Universita degli Studi di Milano, I-20133 Milano, Italy

The quantum walker probes her coin parameter

Shivani Singh* and C. M. Chandrashekar!
The Institute of Mathematical Sciences, C. I. T, campus, Taramani, Chennai, 600113, India and
Homi Bhabha National Institute, Training School Complex, Anushakti Nagar, Mumbai 400094, India

Matteo G. A. Paris? PRA 99, 052117 (2019)

Quantum Technology Lab, Dipartimento di Fisica Aldo Pontremoli,
Universita degli Studi di Milano, 1-20133 Milano, Italia



o Parameter-oependent measurements: nwo Cramer-Rao

1r [Q)\HwL)\]




Bl cstination of the direction of an external field

Hy = w(sinfo, + cosbo,)

- The same for gutrit
Fl of energy measurement (optimized over the

nttral prepa ratlon)

(2 [sin(wt)| + 1)2

RF! (optimized over
» the initial preparation)

4 sin®(wt)




o Parameter-oependent measurements: nwo Cramer-Rao

1r [Q)\HwL)\]




o Parameter-dependent measurements

/da:H(a:) — T

dr my(x) I\ (x) =

Para metcr—olepewolewt sample space
(possLch also L classieal

stimati L
estimation problem) Parameter-dependent POVM

(an cwtirel,g novel quantum
degree of freedom)




Bl New bound for parameter dependent sample space

@& B\ roy < /%

2
Ir [Q)\H:L'L)\]
= /d:v

—
Sy
=
3
>~

i

8

B
|

< = g/dacTr
~ 1 = TyixoaLa] = TrlorL3]
Var(\) > MF;?A
o [ @0
P = [ dema@ w@)py) O

Sy = /daz m(x) tr(IL(z)py) (Ox log my(x))?

L Seveso et al Phys. Rev. A 95, 012111 (2017)



Bl New bound for parameter dependent sample space

~ B roy < /%
= /da:

—
Sy
=
3
>~

3

8

B
|

. 1
>
Var(\) > M FT \
Fp” = /da? m(x) [tréﬁﬁv()j;pp}\;)]Q - A Achievable ?

what about optimal
> O (__/ MEASUVEMENTE?
I = /dx m(x) tr(II(x)py) (Ox logmk(az))2

L Seveso et al Phys. Rev. A 95, 012111 (2017)



o Parameter-dependent measurements

dr my(x) I\ (x) =

Para metcr—olepewolewt sample space
(possLch also L classieal

stimati L
estimation problem) Parameter-dependent POVM

(an cwtirel,g novel quantum
degree of freedom)




Bl New bound for parameter dependent POVMs

_ y tr(ITx(2)0apa)]? | [tr(ONILx(z)pA)]?
Fx() = / : { tr(Ma(@)pn)  tr(I(2)p)
2 tr(I1) (2)Oxpa) tr(OxIIx(z)px) }

tr(IL\(z)px)

: 12

Fx(N) < |VHQ) + v/ Hx (N

(projective POVMS)

A (\) = 4 / Az (95| px |9
Achtevable ?

what about optimal
measurement?

L Seveso et al Phys. Rev. A95, 012111 (2017)



B New bound for parameter dependent POVMs

- gravimetry with a quantum wmechawnteal oscillator

H = p*/2m + kz* /2 + migx

- prepare the oscillator in a coherent state
H(g) = 8m/w’sin® wt /2

FfH (g) — 2m/w3 measurement of Energy
(Hamtltontan)



B New bound for parameter dependent POVMs

15 the new bound




B New bound: estimating a Hamiltonian parameter begowd CR

HEH&

Lo

Po

(Q.0)
‘Fﬁ

H +¢G
L. I11. IV.
U, vV @T
% —
I1. V.
Ut {11} T

CTRL—&WCV@ g
measurements

regular
strategies



B New bound: estimating a Hamiltonian parameter begowd CR

PROPOSITION 1. Given a finite-dimensional quantum sys-
tem with Hamiltonian He € Hery(C) and general parame-
ter ¢ € Z, the performance of any non-regular estimation
strategy based on a controlled energy measurement My, ¢ is
bounded as follows. The maximum extractable information G¢

obeys the inequality

Ge < (olgu,e] + olgs,e])”

where Uy = exp(—itH) is the unitary encoding, S¢ is the
similarity transformation diagonalizing H¢, gu, ¢ (resp., gs,¢)
is the generator of Uy (resp., S¢), i.e.

gu, ¢ = iﬁgUtUJ . gs.¢ = i@gSﬁST .

and o(-) denotes the spectral gap.



Bl cstination of the direction of an external field

Hy = w(sinfo, + cosbo,)

- The same for gutrit
Fl of energy measurement (optimized over the

nttral prepa ratlon)

(2 [sin(wt)| + 1)2

RF! (optimized over
» the initial preparation)

4 sin®(wt)




B NVv-center (Ln diamond) magwnetometry

Hyvy :u'sz +DS?+ E(S? - 52)

D~nmx144GHz FE ~ 7 x 50kHz

OO FEHR N
OO UTOUTO UTO

0.0 0.2 04 06 0.8 1.0 1.2 1.4
t



Ruantum estimation theory provides a set of
fundamental tools and Ldeas of general interest
for quantum tnformation and quantum technology

Parameter Dlepcwdewt qUantum measurements are not
bounded by the RLR bound and may be realised tn

. pma’cice: metrology may be more quantum-enhanced
thaw previously thought.



could not
find a

picture of
Hamza

()<

[()AH L)\l

/dx

Trip)IL|

L |
/ i VIl ﬂd A

/d:xTr LLoL|

=Ll = ol




Funding

INFN

Istituto Nazionale di Fisica Nucleare

Visiting Advanced Joint Research Faculty

7%

European
kOf'n!THSSDﬂF

Bern \—x\) -\AUS?RIA r“ HUNGARY /
ey

i Y HoMANlA

i1 75 Verona Traste® ssgvj -cncm;;’“;_ ‘__}

ori (Mitano) -~ IEAT Be
(Turin) s \?"n zia) \ Bo?ﬁh“"""\b fori -ﬂ
oo = Bologn: — HERz 5 :' : is P
enova: SAN MARING L
- d = LAVIA'L
P e o oence \wé"’ Lttty
Firenze)
5

||||| ~ o s

Pescara s }——
Rome L 3 a2e
oo rana 4 MAC.

oggia e ran: 3
VATICAN Ly ) L

- ALBANIA

Naples™ esaie ran :
Napoli) -
o f GRE.
Lomen
eogio o Calabria -~
perin. Sicil ST o 52 00 mi 3

SR O 50 100 km
20"

—\a P ,r\,

B HETE DR 2 A S

UNIVERSITA
DEGLI STUDI
DI MILANO




Ads

Matteo Paris
Dept. of Physics, University of Milan, Milan, Italy

General Physics. Quantum Physics including Quantum
Information and Open Quantum Systems. Quantum
Optics. Foundations.

https://www.journals.elsevier.com/physics-letters-a


https://www.journals.elsevier.com/physics-letters-a




