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0- Unspeakable Information
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Information transfer requires a 
common frame of reference.
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Alice Bob

How good is our guess?
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Bob
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An interesting question

Which pair is better?

 Gisin and  Popescu, PRL(1999).
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Latorre, Pascual, and Tarrach (1998)
Construction of minimal Optimal measurement for  N<7
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The problem of security
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I- Using Entangled States 
for setting up an SRF

 F. Rezazadeh, A. Mani, V. Karimipour, Phys. Rev. A, 96, 022310 (2017)
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Using entanglement



The idea of QKD:

QKD: Publicly announce bases 

Alice Bob

Keep the results for yourself.



The idea of Direction Sharing

 Publicly announce the results 

Alice Bob

 And use the correlations to align the bases 



| i = 1p
2
(|01i � |10i)

Perfect Correlation



| i = 1p
2
(|01i � |10i)

Perfect Correlation

ai = 1

bi = 1



| i = 1p
2
(|01i � |10i)

Perfect Correlation

bi = �1

ai = �1



| i = 1p
2
(|01i � |10i)

Perfect Correlation

bi = �1

ai = �1

qN = 1
N

aibi = 1
i
∑



| i = 1p
2
(|01i � |10i)

Some Correlation

↵

ai = 1 bi = 1

bi = �1



| i = 1p
2
(|01i � |10i)

Some Correlation

↵

ai = 1 bi = 1

bi = �1



| i = 1p
2
(|01i � |10i)

Some Correlation

↵

ai = 1 bi = 1

bi = �1



| i = 1p
2
(|01i � |10i)

Some Correlation

↵

qN =
1

N

X

i

aibi

ai = 1 bi = 1

bi = �1



| i = 1p
2
(|01i � |10i)

↵

A naive method: Brute force search



The number of pairs is not infinite!

However 

So we have to estimate the angle 
from a correlation which has fluctuations. 
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The Baeysian Approach
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q2x + q2y + q2z
(qxx+ qyy + qzz)

A good estimate with three measurements
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Advantages of our method-1

Alice Bob

N-qubit 
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Alice Bob

N-qubit 
measurement

1-qubit 
measurement



2- The problem of security

Eve cannot unravel the shared direction, since only
 

unspeakable

information is being communicated.

1 0 1 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0



II- Power of a shared singlet state 

 F. Rezazadeh, A. Mani, V. Karimipour, PRA, 100, (2019). 



Alice Bob

Which one is better?

Shared Reference Frame (SRF)

Shared Singlet State (SRF)

Alice Bob
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<latexit sha1_base64="+OqddXsH+7CYO2bp+cbETc6DFgE=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWN85AHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh/tetVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/Uj41/</latexit>



�
<latexit sha1_base64="xt5bG+WnUadgIXK6MKU8QYFtA0k=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0Ip/QtePCji1T/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WDmSToR3QoecgZNZnUG+Jjv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02MP6XKcCZwVuqlGhPKxnSIXUsljVD70/mtM3JmlQEJY2VLGjJXf09MaaT1JApsZ0TNSC97mfif101NeO1PuUxSg5ItFoWpICYm2eNkwBUyIyaWUKa4vZWwEVWUGRtPyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwTO8wpsTOS/Ou/OxaC04+cwx/IHz+QMOsY4/</latexit>



Alice

Bob Charlie

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

An example: Estimation of an angle

Information Gain=

S. D. Bartlett, T. Rudolph and  R. W. Spekkens,  PRA (2004).

0.0270
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Bob Charlie

↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

{⇧0,⇧1}
<latexit sha1_base64="mNc7lDdaYSlQsa67Jwfu3RaopyM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KSKuiy6MZlBfuAJoTJdNoOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunDDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuxopwJ2tZMc9pLJMVRyGk3nNzmfveRSsVi8aCnCfUjPBJsyAjWRgrsqpd5LRY453l3vVlg15y6MwdaJW5BalCgFdhf3iAmaUSFJhwr1XedRPsZlpoRTmcVL1U0wWSCR7RvqMARVX42P3yGTo0yQMNYmhIazdXfGxmOlJpGoZmMsB6rZS8X//P6qR5e+xkTSaqpIIuHhilHOkZ5CmjAJCWaTw3BRDJzKyJjLDHRJquKCcFd/vIq6TTq7kW9cX9Za94UcZThGE7gDFy4gibcQQvaQCCFZ3iFN+vJerHerY/FaMkqdo7gD6zPH5+Xkmo=</latexit>

{⇧0,⇧1}
<latexit sha1_base64="mNc7lDdaYSlQsa67Jwfu3RaopyM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KSKuiy6MZlBfuAJoTJdNoOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunDDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuxopwJ2tZMc9pLJMVRyGk3nNzmfveRSsVi8aCnCfUjPBJsyAjWRgrsqpd5LRY453l3vVlg15y6MwdaJW5BalCgFdhf3iAmaUSFJhwr1XedRPsZlpoRTmcVL1U0wWSCR7RvqMARVX42P3yGTo0yQMNYmhIazdXfGxmOlJpGoZmMsB6rZS8X//P6qR5e+xkTSaqpIIuHhilHOkZ5CmjAJCWaTw3BRDJzKyJjLDHRJquKCcFd/vIq6TTq7kW9cX9Za94UcZThGE7gDFy4gibcQQvaQCCFZ3iFN+vJerHerY/FaMkqdo7gD6zPH5+Xkmo=</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(0, 0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(0, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1, 0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P (0, 1|↵)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



↵
<latexit sha1_base64="+wSBPeL8nxBdvzPXA2qswhGhfpg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJq1b1Lqq1+8tK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AIzPjxw=</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(0, 0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(0, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1, 0)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(1, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P (↵|0, 1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



How do we judge our success?

P (↵)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

S = �
Z

P (↵) logP (↵)d↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

↵
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

P 0(↵)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Information Gain= 0.0284
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 F. Rezazadeh, A. Mani, V. Karimipour, PRA, 100, (2019). 





Bob Charlie
{⇧0,⇧1}

<latexit sha1_base64="mNc7lDdaYSlQsa67Jwfu3RaopyM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KSKuiy6MZlBfuAJoTJdNoOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunDDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuxopwJ2tZMc9pLJMVRyGk3nNzmfveRSsVi8aCnCfUjPBJsyAjWRgrsqpd5LRY453l3vVlg15y6MwdaJW5BalCgFdhf3iAmaUSFJhwr1XedRPsZlpoRTmcVL1U0wWSCR7RvqMARVX42P3yGTo0yQMNYmhIazdXfGxmOlJpGoZmMsB6rZS8X//P6qR5e+xkTSaqpIIuHhilHOkZ5CmjAJCWaTw3BRDJzKyJjLDHRJquKCcFd/vIq6TTq7kW9cX9Za94UcZThGE7gDFy4gibcQQvaQCCFZ3iFN+vJerHerY/FaMkqdo7gD6zPH5+Xkmo=</latexit>

{⇧0,⇧1}
<latexit sha1_base64="mNc7lDdaYSlQsa67Jwfu3RaopyM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF1KSKuiy6MZlBfuAJoTJdNoOnUzCzESooV/ixoUibv0Ud/6NkzYLbT1wL4dz7mXunDDhTGnH+bZKa+sbm1vl7crO7t5+1T447Kg4lYS2Scxj2QuxopwJ2tZMc9pLJMVRyGk3nNzmfveRSsVi8aCnCfUjPBJsyAjWRgrsqpd5LRY453l3vVlg15y6MwdaJW5BalCgFdhf3iAmaUSFJhwr1XedRPsZlpoRTmcVL1U0wWSCR7RvqMARVX42P3yGTo0yQMNYmhIazdXfGxmOlJpGoZmMsB6rZS8X//P6qR5e+xkTSaqpIIuHhilHOkZ5CmjAJCWaTw3BRDJzKyJjLDHRJquKCcFd/vIq6TTq7kW9cX9Za94UcZThGE7gDFy4gibcQQvaQCCFZ3iFN+vJerHerY/FaMkqdo7gD6zPH5+Xkmo=</latexit>

Alice

Or





Task b: Discrimination between Parallel spins and a singlet





Thank you for your attention

Continued in lecture 2



Measurements

|�1i

|�2i
|�3i

|�4i
|�ji =

p
3

2
|nj ,nji+

1

2
| �i

P (ng|n) = Tr(Eg⇢n)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



|✓ii = ↵|ni,�nii+ �|!i

|✓1i

|✓2i
|✓3i

|✓4i



|✓ii = ↵|ni,�nii+ �|!i

|✓1i

|✓2i
|✓3i

|✓4i
F = 0.79



Bayes Method

(q, 1� q)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(p, 1� p)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



7 Heads

9 Tails

What is the probability that a p coin has been given to you?



|nihn|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

=
1 + n · �

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Qubits and Bloch Sphere

⇢ =
1

2
(I + r · �)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇢ =
1

2
I

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



1 2 3 4 5 6

The amount of information

Probability



Estimating a direction 

PSuccess(n) =
X

g

P (ng|n)
1 + ng · n

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

PSuccess =

Z
dn

X

g

P (ng|n)
1 + ng · n

2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

n
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

ng
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Alice Bob



Pr(inadmissible) < (
N

N + 2
)2(

2

3
+

4

3N
)



Pr(inadmissible) < (
N

N + 2
)2(

2

3
+

4

3N
)

Pr(inadmissible) <
2

3
A rough estimate



Pr(inadmissible) < (
N

N + 2
)2(

2

3
+

4

3N
)

Pr(inadmissible) <
2

3
A rough estimate

Exact calculation Pr(inadmissible) ⇡ 1

3



qN =
1

N

X

i

aibi

When we have infinite pairs



qN =
1

N

X

i

aibi

When we have infinite pairs

q1 = P++ + P�� � P+� � P�+

N �! 1



qN =
1

N

X

i

aibi

q1 = cos↵

When we have infinite pairs

q1 = P++ + P�� � P+� � P�+

N �! 1



| i = 1p
2
(|01i � |10i)

↵

One measurement is not enough!



| i = 1p
2
(|01i � |10i)

↵

One measurement is not enough!



| i = 1p
2
(|01i � |10i)

↵

One measurement is not enough!



x

zyqx = cos↵

qy = cos�

qz = cos �

With three measurements:



x

zyqx = cos↵

qy = cos�

m = qx x+ qy y + qz z

qz = cos �

With three measurements:



me = cos↵e x+ cos�e y + cos �e z

A first estimate



me = cos↵e x+ cos�e y + cos �e z

A first estimate

However the vector is not normalized:



me = cos↵e x+ cos�e y + cos �e z

cos2 ↵e + cos2 �e + cos2 �e 6= 1

A first estimate

However the vector is not normalized:



me = cos↵e x+ cos�e y + cos �e z

cos2 ↵e + cos2 �e + cos2 �e 6= 1

A first estimate

However the vector is not normalized:

cos↵e =
N

N + 2
qN


